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APPLICATIONS OF VARIATIONAL INEQUALITIES
TO THE EXISTENCE THEOREM ON QUADRATURE DOMAINS
BY
MAKOTO SAKAI

ABSTRACT. In this paper we shall study quadrature domains for the class of
subharmonic functions. By using the theory of variational inequalities, we shall give
a new proof of the existence and uniqueness theorem. As an application, we deal
with Hele-Shaw flows with a free boundary and show that their two weak solutions,
one of which was defined by the author using quadrature domains and the other was
defined by Gustafsson [3] using variational inequalities, are identical with each
other.

Introduction. In a previous paper [7], the author has defined the quadrature
domains of positive measures for the class of subharmonic functions and studied
their applications to complex function theory.

Let » be a finite positive measure on the two-dimensional Euclidean space R?. Let
SLY() be the class of subharmonic functions in an open set € which are integrable
with respect to the two-dimensional Lebesgue measure m. A nonempty open set  is
called a quadrature domain of » for class SL! if

(Qi) » is concentrated in £, namely, »(2¢) = 0, where ¢ denotes the complement
of Q,

(Qii) fosTdv<oo and [osdv < f[ysdm for every s € SL\(Q), where s* =
max{s,0}.

(Qiii) m(2) < 0.

Let us denote by Q(», SL') the class of all quadrature domains of » for class SL!.
The class Q(», SL') may be empty. Let W be an open set with finite area and let f be
a nonnegative bounded integrable function in R? satisfying f = 0 a.e. in W¢. If
sup,, f < 1, then Q( fm, SL') = &. The class Q(x ,m, SL') consists of all open sets
Q satisfying x,,, = xgq a.e. in R?, where x, denotes the characteristic function of W,
namely, x,(x) =1 for x € Wand x,(x) =0 for x & W.

On the contrary, the author has already proved the following theorem (cf.
[7, Theorem 3.7]):

THEOREM 1. Let f be a bounded integrable function in R* such that f=1 a.e. in a
connected open set W with finite area, f =0 a.e. in W° and [fdm > m(W), then
O(fm, SL") # @ and there exists a minimum domain W in Q(fm, SL'), namely,
Q € Q(fm, SL") if and only if W C Q and m(Q\ W) = 0.
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The main purpose of this paper is to give this theorem a new proof by using
variational inequalities.

Recently, Gustafsson [3] has used variational inequalities to solve a moving
boundary problem for Hele-Shaw flows. As a corollary, he has proved the existence
of quadrature domains of a finite sum of positive point masses for the class of all
complex-valued analytic integrable functions [3, Corollary 16.1].

To obtain the result, Gustafsson has used the fact that the boundaries of the
above quadrature domains are algebraic curves, so this is a very special case in the
theory of quadrature domains. In this paper, we shall deal with a general case stated
as in the theorem.

1. Variational inequalities. In this section, we shall show our theorem for a special
function f by using variationial inequalities. We assume that W is a bounded open
set R? and f is a bounded integrable function with f > 1 a.e.in W and f= 0 a.e. in
We<. The proof will be divided into four steps. Each step is given as a proposition.

For a real-valued bounded integrable function g in R? with compact support, we
define the logarithmic potential U# of g by

U%(y) = [(-log| x — y |)g(x) dm(x),

where | x — y|= (23 (x; — y)*)"/2% x = (x, x,) and y = (,, y,). It is known that
U? is of class C' in R? and AU = -2mg in the sense of distributions. First we shall
show the following lemma:

LEMMA 1. Let @ € Q(fm, SL'). Then Q is bounded.

PROOF. Let f, be a nonnegative integrable function in R? such that f, > 1 a.e. in an
open set W, and f;, = 0 a.e. in W{. Let Q, satisfy m(Q,) < oo and

(1) fwsf,dm Sjs;sdm

for every s € SL®(W, U ,), where SL*(W, U Q,) denotes the class of all bounded
subharmonic functions in W, U @,.

First we show that if Q, is a bounded open set with smooth boundary, then W, is
contained in the bounded open set G whose boundary is the outer boundary of Q,.
Assume W,\G # @. Then (3W,)\G # @.

Choose a point x, € (dW,)\G and r >0 so that Cap(W{ N B(x,; r)) >0 and
G NB(xy; r) = @, where B(xg; r) = {x € R*||x — x,|<r)}. Let p be the equi-
librium distribution of E = W{ N B(x,; r) and let u be the conductor potential of
E, namely,

u(y) = [ (-log|x =y du(x).

Then u is bounded from above and harmonic in E€. Set a = supzsu and s =
max{u, a} — a. Thens € SL*(W, U &,), [, sf,dm >0 and [, s dm = 0. This con-
tradicts (1) and hence W, C G.
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Since W is bounded, we can choose a ball B centered at the origin and M > 1 so
that f < Mx ae. in R%. Set f, = xg + Mx, — fand W, = Q U B. Let ©, be a ball
centered at the origin such that m(Q,) = Mm(B). We shall show that £, satisfies (1).
Then, by the above argument, we see that W, = Q U B is contained in G = §,,
namely,  is bounded.

To show that , satisfies (1), let s € SL*(W, U 2,). Let s* be a function in
SL*(W, U ,) which is harmonic in £, and satisfies s < s* in @ and s = s* a.e. in
2, \Q; note here that W, U @, = Q U ©,. Then

fs*(xn + Mxp—f)dm= fs*Mdem < / s*dm.
Q,
Subtracting [(s* — $)Xgng, dm from both sides, we obtain
f sfydm < j{S*Xn\Q, + $Xang, + $*(Mxz — f)} dm < f sdm.
W, 2,

This completes the proof.

PROPOSITION 1. Let @ € Q(fm, SL') and set u= —1/(2n)U*>"/.Then u and Q
satisfy
(u=0inR?
() u = 0inQ¢,
(iii) Au = xg — f in the sense of distributions.

PrOOF. Since W and Q are both bounded, x, — f has a compact support. Hence u
is well defined and (iii) is evident.
For everyy € R%,log | x — y|€ SL(2) and so

Uxst(y) = [ (log|x =y |)fdm(x) = [ log|x —y|dm(x) <0.

Hence u =0 in R%. If y € Q, then both log|x — y| and -log|x — y| belong to
SLY(Q). Hence u(y) = —1/Qm)UX/(y) = 0.

Let B be a large open ball centered at the origin such that W C B, and let
gx(x, y) be the Green function in B of the Laplacian relative to the first boundary
condition with pole at y.

Set

V) = -5 [ 8a(x, 2 = x5)(x) dm(x).

Then ¢ € CY(B) and ¢ can be extended onto a neighborhood of B so that the
extension, we also write it by y, is of class C' in the neighborhood. It is easy to show
that y = 0 on 8B and Ay = f — xz in B in the sense of distributions.

Let us denote by H'(B) the Sobolev space H'?(B) with the norm

”u”HI-Z(B) = 2 ”Dau”LZ(B)
o<l|a<1

and denote by HJ)(B) the closure of C{°(B) in the above norm. According to
Poincaré’s inequality, it is well known that ||Vull ;2 5, is a norm equivalent to the
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above norm for H}(B). In what follows, we shall understand that H)(B) is the
Hilbert space with the norm |lull = || Vull 25, (see, e.g. Kinderlehrer and Stampac-
chia [5, Chapter II, §4]). We note here that ¢ € H)(B).

Let us consider the following variational problem: Minimize |/h|l in the closed
convex set K = {h € H)(B)|h =y a.e. in B}. The extremal function v(y) exists
and is determined uniquely. It is easy to show that v = v() can be characterized by

Vi)v €K,

(Vii) [z V(h — v)Vodm =0 for every h € K.

PROPOSITION 2. If u € HJ)(B) and an open subset Q of B satisfy
(i u=0a.e.in B,
(i) u =0a.e.in B\Q,
(iii)’ Au = xgo — f in B in the sense of distributions,
then v = u + ¥ satisfies (Vi) and (Vii).

PROOF. It is evident that (Vi) follows from (i)’. Since Av = Au + Ay = xg — X5
€ L*(B), we have

j;V(h—v)Vudm=—/B(h—u)Avdm= j;m(h—v)dm

for every h € HJ(B). The condition (Vii) follows from the following equalities:
f (h—o)dm=/ {(h—\p)—u}dm=/ (h— ) dm.
B\Q B\Q B\Q

PROPOSITION 3. If v € H)(B) satisfies (Vi) and (Vii), then u = v — ¢ € C'(B) and
u=0 on 0B. The function u and @ = {x € B|u(x) > 0} satisfy (i) to (iii) in
Proposition 2.

PRrOOF. The condition (i)’ follows from (Vi).

Since ¢ € H}(B) and Ay = f— xp € L*(B), ¢ € H**(B) for every s with
1 <s < oo (see, e.g. Kinderlehrer and Stampacchia [5, Chapter II, Theorem 4.10]).
Hence v € H>*(B) N C"N(B) for every s with 2 <s < co, where A = 1 — 2 /s (cf.
e.g. [5, Chapter IV, Theorem 2.3]). Henceu = v — ¢y € C '(B) and u = 0 on 3B. Set
Q = {x € B|u(x) > 0}. Then (ii) is satisfied evidently.

Let p be a function of class C° with 0 <p <1 in B. Since v = pu € K and
Av € L%(B), by (Vii), we have

fpuAu dm = fV(—pu)Vv dm =10
B B

for every p. Hence uAv = 0 a.e. in B and so Au + Ay = Av = 0 a.e. in Q. This
implies that Au = 1 — fa.e. in Q.

On I = B\Q, by definition, u =0 and so Au =0 ae. (see, e.g. [S,Chapter
II, Appendix A, Lemma A4]). By (Vii), we have

—prvdm?O

for every p € H)(B) with p = 0. Hence Av <0 a.e. in B and so f — xp = Ay = Av
<0 ae. on I. This implies that m(W\Q) =0 since f>1 a.e. in W. Hence
Au =0 = —f a.e. on I. Combining this with Au = 1 — f a.e. in £, we obtain (iii)".
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LEMMA 2. Let Q be an open set stated as in Proposition 3. Then we can choose a
large open ball B so that Q@ C B.

PrOOF. Take a ball B, and M > 1 so that f < M 5 . Then it is easily verified that
OQ(Mx g m, SL') consists of the ball B, which satlsfles m(B,) = Mm(B,) and has
the same center as B, (see [7, §1]). Choose a ball B so that B C B and fix it.

As before Proposition 2, let us consider the obstacle problem and write Y = Y( f),
K = K(f) and v = v( f). For the corresponding function and the open set stated as
in Proposition 3, we write u = u( f) and @ = Q( f), respectively. Then, by Proposi-
tions 1 and 2, @(Mxp ) = B,. Hence it is sufficient to show that if f< f,, then
u(f) <u(f).

First we show that if » € K(f) and Ah <0 a.e. in B, then v(f) < h a.e. in B. Set
w = h — v( f). Then, as we have seen in the proof of Proposition 3, Av(f) = 0 a.e.
in €. Hence Aw =AhA <0 ae. in € and so w is superharmonic in . Since
w=h—y(f)=0ae. in B\Q and w € H}(B), we have w = 0 a.e. in B, namely,
o(f)<ha.e.inB.

Now we shall show that if f < f,, then u( f) < u(f,). Let h = u( f,) + ¢(f). Then
h € K(f) and Ah = Au(f)) + AY(f) < Au(f)) + AY(f)) = Ao(f,)) <0 ae. in B.
Hence, by the above argument, we see that u(f) + Y(f) =o(f)<h=u(f)) +
Y( f). Therefore u( ) < u( f;). This completes the proof.

PROPOSITION 4. If u € Hi(B) and an open set Q with @ C B satisfy (i) to (iii) in
Proposition 2, then u € C'(B), and W = {x € B|u(x) > 0} is the minimum open set
in Q( fm, SL").

PrOOF. The function u(x) + 1/(27)[5gs(¥, x)xg — f ) ) dm(y) belongs to
Hy(B) and is harmonic to B. This implies that it is identically equal to zero and so

u(x) = ~1/(27)fs g5y, xXxa = f ) dm(y). Since W U C B, by (i,

[ {estr ) — oA xa = 1)) am(y)

= _va{gB(y, x) — log }vu(y)dm(y)'

1
ly — x|
The above is equal to

[i¢ st ) — oyt hut) dm),

because u € Hj(B). Since gg(y, x) — log(1/|y — x|) is harmonic, the above in-
tegral is equal to zero. Hence u = -1/Q2m)U*/ u € C'(B)andu = 0in B.

Set W={x€EB | u(x) > 0}. Then, by (i)’ and (ii)’, we have x,; < xq a.e. in B.
Since Au = 0 a.e. in B\ W (see, e.g. Kinderlehrer and Stampacchia [5, Chapter 1I,
Appendix A, Lemma A4]) and f> 1 a.e. in W, by (iii)’, we see that x . ,q < X7 a.e.
in B. Hence x,; = Xg a.e. in B.

Next let us show W € Q( fm, SL'). In what follows, for the sake of simplicity, set
g=xw— [ Lety € B\ W. Then u(y) = 0. Since u is of class C' and u attains its
minimum at y, du/dx,(y) =0, j = 1,2. Hence U® = -27u =0 and 9U%/0x; =
-27du/dx; = 0in B\ W.



272 MAKOTO SAKAI

Let {w, )}, be a sequence of C*-functions in W such that 0 < w, <1, w, = 0 in
a neighborhood of 3W, w, = 1 outside a neighborhood of W, lim,,_, ,, w,(x) = 1 for
all x = (x,, x,) € W, and

1 -1
)
for all x € W and all multi-indices a, where 4, denotes a constant depending only
on a, and 8(x) denotes the minimum of e~2 and the distance from x to 3W. For the
existence of the above sequence {w,}, see Hedberg [4, p. 13, Lemma 4].

It follows that

| D%, (x)|< An'8(x)™ (log

3’ _ e U dw, 3%,

— (Vs w, +2 + Us—-,
asz( ") 3x} Ox; Ox; asz
32
AUE = 3 — Ut = -2mg
J %

in the sense of distributions. Since

G us, 1 o
a—xj(x)—jxj(y)—o(lx }’IIOB——‘Ix_yl), i=12,

for every pair of points x and y with | x — y|< e?,

Ug(x)=0(82(x)log ! )

3(x)
aUs _ 1 L
—a?j‘(x)—O(S(x)logs(x)), j=12,
in a neighborhood of each boundary point of W. Hence
1
= h = _— K g
(2) stg dm nlin:o stgw,, dm P ”1111010 stA(U w,) dm

for every s € L\W). If s is subharmonic in W, then As >0 in the sense of
distributions. Let ¢ be a nonnegative C°-function of | x | in R? such that fp dm = 1
and set s(x) = [s(x — ey)p(y)dm(y) for e > 0. Then s, is a subharmonic C*®-
function on a given compact subset of W for every sufficiently small ¢ > 0, and s, | s
as €0 on the compact set. Since U8 = —-27u < 0, by letting ¢ tend to 0, we see that

f_sgdm =0
w

for every s € SL'(W). Hence W € Q(fm, SL"). Let @ € Q(fm, SL'). Then, by
Proposition 1 and the above argument, we see that xo = x,7 a.c. in R%. If y ¢ ©,
then -log | x — y|€ SL'() and so

0< [(-log|x = y[)(xq — f)(x) dm(x) = -2mu(y).

Hence u(y) = 0, namely, y & W. Therefore W C Q for every @ € Q( fm, SL'). The
proof is now complete.
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Thus we have proved our theorem for the function f given at the beginning of this
section. From (2), we have an additional result which is also true for the function f as
in Theorem 2.

COROLLARY. Let @ € Q(fm, SL') and s € SL'(R). Then
f sfdm = f sdm

w 2
if and only if s is harmonic in w.

2. Proof of the theorem. In this section, we assume that W is an open set in R?
with finite area and f is a bounded integrable function with f>1 a.e.in W, f=0
ae. in W¢ and [,fdm > m(O) for every connected component O of W. We shall
show the following as our main theorem:

THEOREM 2. Let f and W be as above. Then Q( fm, SL') = & and there exists a
minimum domain W in Q( fm, SL').

First we show the following two lemmas:

LEMMA 3. Let f;, i = 1,2, be bounded integrable functions in R such that f,> 1 a.e.
in open sets W, and f,= 0 a.e. in W, and let Q, € Q( f;m, SLY, i=12.Iff,<f,
a.e. in R?, then xg <Xg, a.e. in R

PROOF. Assume that 2, \Q, # @. Take a pointy € €\, and set

o(x) = gn(x y) in@,
inQ2,\Q,,

where gg (x, y) denotes the Green function in 2, with pole at y. Then s =0 in
Q,UQ, -s|Q, €SLY(Q,) and 5|2, = s* ae. in Q, for some s* € SL(R,), be-
cause m(2,) < m(2,) < oo. Hence

Llsdmgfsf|dm<fsf2dm</;sdm

2

and so

'/;2.\0: dm < ]S;Z\le dm = 0.

This implies that m(Q,\£,) = 0, namely, xo < Xg, a.€. in R%.

COROLLARY. Let f be a bounded integrable function in R® such that f = 1 a.e. in an
open set Wand f = 0 a.e. in W°. Let @, € Q(fm, SL'), i = 1,2. Then xq = Xg, a-e.
in R%.

LEMMA 4. Let g be a bounded nonnegative integrable function in R* with compact
support which is contained in a connected open set W. Let [gdm >0 and K be a
compact subset of W. Then there are a bounded nonnegative integrable function f, y in
R? and a bounded connected open set W, i such that f, ¢ >0 in W, , fo x =0 in
Wik, KUsuppg C W, ( C W, xC W and [sgdm < [sf, x dm for every s €
SL\(W).
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PrROOF. We may assume that inf, ; g(x) > 0 for a compact subset L of W with
m(L)>0. Let 8 be a number such that 0 <& <d(L,9W)/2, where d(L,oW)
denotes the distance between L and oW, and define a bounded nonnegative
integrable function g, in R? by

si(x)= [ 0)xaly) dm(y)/m(B(x: ).

Then g, is continuous, supp g; is compact and [sgdm < [s(gx ;- + &) dm for every
s € SL\(W). Take a ball B, and a number a; > 0 so that B, C W and g, = «, in B,.
For every x € (K U supp g U supp g;), we can find balls B;, j = 2,3,...,n, with

centers p; such that p, = x, B, C W and p; € B;_, for every j. Let »; = a;xp,.
Assume that there are a boundcd nonnegative mtegrable function »;_, in R? and a
number a;_, >0 such that suppy,_, C U/ B,»_, >«a_, in U,’ \B; and

[sv;_,dm = [sv,dm for every s € SL'(W) Take a ball B with center p; such that
B C B;,_, N B, Then

fsuj_ldm = fs(vj_l —a;_,xp)dm+ aj_l‘/;sdm

m(B
sfs(vj_, —aj_'xB)dm+aj_lm((B.)) Lsdm
) B

for every s € SL\(W). Set »; = v, — a;_,xp + (a;_ym(B)/m(B)))x 5, and a; =
a,_;m(B)/m(B;). The function »;, and a number a; satisfy the above conditions for
Jj- Thus, by induction, we can construct v, and a,, > 0 such that suppy, C U’
v, = a,in U’_,B;and [sv,dm > jsv,dm for every s € SL'(W).
Let us wnte v, and V, forv,and U’ "= B;, respectively. Since K U supp g U supp g,
is compact, we can find a finite number of open sets Vi Vs, such that
(K U supp g U supp g;) C UleV;j. Set

111’

k k
fox = 8Xeet 81 —axp, t % 21 Py s W, x=U Ve
j= j=1
These satisfy the required condition.

PROOF OF THEOREM 2. At first, let us construct an open set G € Q( fm, SL"). For
every connected component O, of W, let L, be a compact subset of O, such that
J(f = Dx,,dm>0.Let g, = (f— D)x,, and let {0, ;} be an exhaustion of O; such
that 0 ; is compact for every j. By using Lemma 4, we can find f, ; = f, /2, o, 2 ~and

W, W/z/o such thatf, ;>0in W, , f, ;= 0in W, O UL CW,, CW -

ij g, i,j?

W and [sg,/2’ dm < jsf,jdm for every s € SL‘(W) Set

—/- 3 s, hi=tfoxw,+ 2 S f, n=12,.,
i=1 1<i<n I<sj<n—i+l
where W, = U, (o, U, gj<n—iv W, ;- Then £, is a bounded integrable function in R?
with £, > 1 in a bounded open set W andf, = 0in W,
From the argument given in §1, we can construct the minimum open set
W, € Q(f,m, SL") for every n. Since f, <f,,,, from the proof of Lemma 2, we
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obtain u( f,) <u(f,,.,) (for the notation, see the proof of Lemma 2). Hence
W, C W,,,.Set G = U W,. By the proof of Proposition 3, we have m(W,\ W,) = 0.
Hence it follows that m(W\ G) = 0.

Next let us show

fsfdm<fsdm

G
for every s € SL'(G). For every & > 0, we can take a number n so that

fsdm+e>f_sdm
W,

G n
and
fsfdm—sst(ﬁ)an+ 3 3 gi/2’)dm.
|<i=n |<j<n—i+1
Since
[o{ton+ 2 3 s)im<[s(fxwm+r I3 i) dm
I<i<n 1<jsn—i+1 I<i<n I<jsn—i+1
< | sfdn< | sdm,
fwnf" fw "
we have

fsfdm S/;;sdm + 2¢

for every ¢ > 0. Hence

sfdm < | sdm
G

for every s € SLY(G).
For s = 1, we have

[ram=tim [(fxw+ S 3 g/2)dm

I<i<n I<j<n—i+1
= lim [f,dm=lim m(W,) = m(G).
n— oo n—oo
Hence m(G) < oo. Thus we have proved that G € Q( fm, SL').

From the corollary to Lemma 3, xq = X a.e. for every @ € Q( fm, SL'). Since
xg — f has not necessarily compact support, take two distinct points {, and {, in
(UQ)°, where UQ denotes the union of all @ € Q( fm, SL'), consider the gener-
alized logarithmic potential UXa™/(x; ¢{,, {,) (see [8, §3]) and set

u(x) = -5 UXI(x58,,8,).

The function u is determined independently of the choice of & € Q( fm, SL'). Let
W={x €ER|u(x)>0). If € Q(fm,SL") and x & &, then u(x) =0 and so
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x & W. Therefore W C Q for every & € Q( fm, SL'). Since u(x) = 0in W<, Au=0
a.e. on W<. Hence 0 = Au= xq — f ae. in W° and so Xo < X, a.e. in R%. This
implies that W C Q and m(Q\ W) = 0 for every @ € Q( fm, SL').

Finally, the fact that W € Q( fm, SL') follows from the similar argument given in
the proof of Proposition 4. In contrast with the proof of Proposition 4, the open set
W is not necessarily bounded. For the generalized logarithmic potential and the
similar argument given in the proof of Proposition 4, see [8, §3].

3. The case of higher dimensions. Our theorem is also valid for the case of higher
dimensions. In the case of dimension d = 3, let us write by S, the surface area of the
(d — 1)-dimensional unit hypersphere, namely, S, = 27%/2/T(d/2). We replace
~log|x — y| by | x — y |*"“ and consider the Newton potential

US(y) = [ |x =y ~%(x) dm(x)

instead of the logarithmic potential which we have used in the case of dimension 2.
In the above definition, g is a real-valued bounded integrable function defined in R?
and m denotes the d-dimensional Lebesgue measure.

It is known that

(1) U%is of class C!,

(2) AU%(x)/dx; — dU%(y)/dx; = O(| x — y |log(1/|x — y|)), j = 1,2,...,d, for
every pair of points x and y with | x — y|< e

(3) AU® = —(d — 2)S,g in the sense of distributions.

Therefore our arguments are also valid if we replace —1/(27) and -log|x — y| by
-1/((d — 2)S,) and | x — y |*~¢, respectively.

Let us give here a remark on the generalized logarithmic potential used in the
proof of Theorem 2. It is unnecessary to consider “generalized” in the case of
dimension d = 3. Because we can define the Newton potential U% of a bounded
integrable function g which has not necessarily a compact support.

4. Hele-Shaw flows with a free boundary. As an application of the new proof of
our theorem, we deal with Hele-Shaw flows with a free boundary produced by the
injection of fluid into the narrow gap between two parallel planes (for the mathe-
matical formulation, see Richardson [6] and Sakai [7]).

In [7], the author has defined a weak solution of a free boundary problem of
Hele-Shaw flows with the initial connected open set £(0). It is a family {Q(¢)},., of
quadrature domains ©(¢) such that £(¢) is the minimum domain in Q(xgqm +
t8,, SL') for every t > 0, where 8, denotes the Dirac measure at the injection point
¢ € Q(0) of the fluid.

Recently, Gustafsson [3] has defined another weak solution of Hele-Shaw flows by
using variational inequalities (for the case having the container wall, see Elliott and
Janovsky [2]).

Let f, = xgqq) + #(1/m(B(c; r)))X p(.., (in [3], Gustafsson has used 2#¢ and
B(0; r) for ¢t and B(c; r), respectively), where £(0) denotes a bounded connected
open set and B(c; r) satisfies B(c; r) C 2(0), and consider the variational problem
given before Proposition 2 for large ball B, (which depends on ¢) and for a function
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¥, = ¥(f,). Then Gustafsson’s weak solution {§(7)},., is, in our notation given in
the proof of Lemma 2, a family of domains Q(¢) = £(0) U Q( ) for every 1 > 0.

In this section, we shall note first that @(¢) = Q( £,), namely, (0) C Q( f,) (this
result is also given by Gustafsson [3, Lemma 14(iv)]) and next show that the above
two weak solutions are identical with each other.

The first assertion follows immediately from the following lemma:

LEMMA 5. Let f, W and W be as in Theorem 2. Then W C W.

PROOF. Since f = 1 a.e. in W, Au= x,; — f< 0 a.e. in W. Hence u is a nonnega-
tive superharmonic function in W. If u(x) = O for some x € W, then u = 0 in the
connected component of W containing x. This contradicts m(W\ W) = 0 and so
u(x) > 0in W, namely, W C W.

The next corollary guarantees that £( f,) is connected.

COROLLARY. If W is connected, then W is also connected.

PROOF. Assume that W is disconnected. Since W C W and W is connected, we
can find a connected component O of W such that WN O = @. For every
s € SLY(W 0), let § be a function defined by §(x) = s(x)in W\ 0 and §(x) = O in
0. Then § € SL'(W) and

= S < s =
/st dm /st dm /Ws dm fW\OS dm.
Hence W\ 0 € Q(fm, SL'). This contradicts the fact that W is the minimum
domain in Q( fm, SL!).

To show the second assertion, by the argument given in §1, it is sufficient to show
that Q(xgqm + 18, SL') = Q( f,m, SL') for every t > 0. This follows immediately
from the proposition below.

For the sake of simplicity, we assume that W is a connected open set. Let p be a
positive finite measure with compact support contained in W. For a number a with
0 < a < d(supp p, W) /2, where d(supp g, 3W') denotes the distance between supp p
and 9W, let us define a bounded function M_p by

r(B(x; @)
M = ———"".
(Mop)() = 220
The support of M_p is contained in W.

LEMMA 6. Q(xym + 1, SL') = Q((x, + M pn)m, SL").

PrROOF. We may assume that p+# 0. If @ € Q((x, + M,p)m, SL'), then, by
Lemma 5, W C Q. Since

fsdps fs(Map)dm

for every s € SL\W), @ € Q(x,m + p, SL").
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Conversely, assume that @ € Q(x,m + p, SL'). Set G = {x € W|(M_pn)x) >
0}. Then, since M_p is lower semicontinuous, G is an open set containing supp p. We
shall show GC Q. If y € G\Q, then u(B(y;B) >0 for B with a<B<
d(supp p, dW) /2. Set

s(x) = max{log(1/|x — y|),log(1/B)} — log(1/B).
Then s |2 € SLY(2). Since m(W\ Q) = 0,

fs(xwdm +dp) > fwsdm = j;)sdm.

This contradicts & € Q(x,,m + u, SL"). Hence G C L.
Let s € SLY(Q), and let s* € SL'(2) be harmonic in G and satisfy s* = s a.e. in
@\ G. Since

fs*(xW+Map,)dm=fs*(xwdm+dp)<fs*dm
w w Q

and s < s* in G, we have
[ s(w + Mop)dm < [ s*(xy + Mop) dm + [ (s~ 5*) dm
w w G

< | s*dm + s—s*)dm = | sdm.
Jyrm+ [(s=smyam= [,
Therefore @ € Q((x + M,p)m, SL").

PROPOSITION 5. Let p,;, i = 1,2, be positive finite measures with compact support
contained in a connected open set W. If there is an open subset G of W such that
G D suppp, U supp p, and [hdp, = [hdu, for every harmonic function in G, then
Q(xym + py, SL') = Q(xym + iy, SL').

PROOF. By Lemma 6, it is sufficient to show that Q((x, + M,u,)m, SL') =
O((xw + M,u,)m, SL") for small a > 0. We obtain this equality by using Lemma 5
and the argument as in the proof of Lemma 6.

5. Quadrature domains for harmonic and analytic functions. In [7], quadrature
domains for harmonic and analytic functions are introduced. Let » be a positive
finite measure in R? and let HL'(Q) (resp. AL'(Q)) be the class of all real-valued
(resp. complex-valued) harmonic (resp. analytic) integrable functions in Q. A non-
empty open set Q is called a quadrature domain of class HL' (resp. AL"), if @
satisfies (Qi), (Qiii) and

(Qii)’ jﬂ|h|dy<oo and fﬂhd»zfghdm

for every h € HL'(Q) (resp. h € AL'(R)). We denote by Q(v, HL') (resp. Q(v, AL"))
the class of all quadrature domains of » for class HL' (resp. AL").
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By using the generalized logarithmic potential, we obtain the following proposi-
tion:

PROPOSITION 6. Let f and W be as in Theorem 2. Let Q be an open set with finite
area, let {, and §, be two distinct points in Q¢ and set u(x) = -1/Qm)U% /(x; ¢, §,).
Then

(1) Q € Q(fm, SL"Y ifand only ifu =0in Qandu =0 in Q,

(2) Q@ € Q(fm, HL") if and only if u = 0 and du/dx; =0,j = 1,2,in Q,

(3) & € Q(fm, AL") if and only if du/3x; = 0,j = 1,2, in Q°.

PRrROOF. The assertions (1) and (2) are proved from the argument similar to the
proof of Proposition 4. Let (xo — f) be the generalized Cauchy transform of xo — f
(for the definition, see [8]). Then (xqo — f)'= (9/dx, — id/dx,)UX*/. Hence
du/dx; = 0,j = 1,2, in Q° implies that (xg — f)= 0 in Q. Let z = x, + ix,. Since
the subclass of 4L'(2) which consists of all linear combinations of 1/(z — {,) with
$, € Q¢ is dense in AL'(Q) (see Bers [1]), the assertion (3) follows.
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